Analytic solutions and conserved quantities of wave equation on torus  by Jhangeer, Adil et al.
Computers and Mathematics with Applications 64 (2012) 1627–1635
Contents lists available at SciVerse ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
Analytic solutions and conserved quantities of wave equation on torus
Adil Jhangeer c,∗, M.N. Qureshi a,1, S. Sial b,2, S. Sharif c,3
a Department of Mathematics, Azad and Jammu Kashmir University, Muzafrabad, Pakistan
b Department of Mathematics, Lahore University of Management Sciences, Opposite Sector U, DHA, Lahore Cantt. 54792, Pakistan
c Department of Sciences & Humanities, National University of Computer & Emerging Sciences, Lahore Campus, Pakistan
a r t i c l e i n f o
Article history:
Received 24 June 2011
Received in revised form 31 December 2011
Accepted 3 January 2012
Keywords:
Lie symmetries
Lie algebra
Conservation law
a b s t r a c t
This paper discusses the wave equation on torus in terms of classical Lie theory. The
symmetry algebra is computed and found solvable. A general element of one-dimensional
Lie algebra is used to compute similarity variables. Further invariant solutions are
obtained for the considered equation by using similarity variables, while two- and three-
dimensional algebras are reported for which the considered equation is investigated
by quadrature. Conserved quantities for the considered equation are obtained. The
components of conserved vectors are then associated with the translational symmetry
generators using the symmetry conservation laws relation given by Kara and Mahomed
(2000) [12].
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Differential equations on different surfaces are important in mathematical biology where the surface of a membrane is
rarely flat. Shape, composition and functionality have a close relationship in the biological processes. Red blood corpuscles
(RBC) is one of the examples that illustrate this relationship. Healthy RBC has a biconcave shape whereas a sickled shape
cell corresponds to anemia. Thus physical models, without the contribution of geometry of object, cannot describe complete
biological process. For example: typical size of a vesicle is of order 10µmand thickness of the surrounding bilayer is roughly
100 Å. In order to analyze process in a vesicle, one cannot ignore the geometrical properties of its shape. Hence a 2-D surface
is embedded in 3-D to present a bio phenomenon as a model.
Theory of surfaces with respect to Gaussian curvature is interesting. Gaussian curvature makes the torus different from
other surfaces. Sphere has positive, one sheet of hyperboloid has negative, and plane has zero curvature. But torus has
variable curvature. This property motivates us to discuss the wave equation on torus.
The wave equation on a flat space is frequently used in many areas of physics [1]. When the solution domain is a curved
manifold, this can result in a different dynamics thanwould occur in a flat space [2–4]. In this article, we consider specifically
wave equation on the surface of a torus. We use the Lie approach to investigate the effects of a curvature on dynamics. (For
other approaches, see [5,6].)
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The wave equation on torus [7] is:
utt = uxx
(1+ cos y)2 −

sin y
1+ cos y

uy + uyy. (1)
The relationship between conserved quantities and Lie symmetry was discovered by Noether [8,9] in 1918. This
relationship is used in many aspects of differential equations. Exact solutions and reductions of PDEs are one of the areas
where conservation laws and symmetries of differential equations can be used. Analytic or closed form solutions play a vital
role in understanding the physical phenomena governed by a differential equation. There are lot of efficient methods in the
literature for the exact solutions of a differential equation, namely, separation of variables, traveling wave solutions, self-
similar solutions, solutions using an ansatz and exponential self-similar solutions. These methods are particular cases of the
Lie approach (see [10]). One of the significant roles of the Lie approach is to obtain a complete classification of symmetric
reduction of a differential equation.
Conservation laws have their significant importance in the analysis of differential equations. Conserved quantities also
play a vital role in the solution and reduction of PDEs. Noether approach is an elegant and systematic way of calculating
conservation laws. The application of Noether method directly depends upon the existence of a Lagrangian. There are
number of equations which do not posses standard Lagrangian, e.g. linear evolution equations and wave equation on torus.
In the last few decades, active research efforts were made to overcome this problem. One of the approaches which does
not depend on the term standard Lagrangian was introduced by Kara and Mahomed [11]. This approach gives a systematic
way to determine conservation laws for a differential equation whose Lagrangian is not derivable from variation principle.
In [12], authors defined a formula to associate symmetry of a differential equation with its conserved quantities. One of the
important aspects of the formula is to simplify conserved quantities.
The paper is organized as follows: Fundamental operators are discussed in Sections 2 and 3 is devoted to the Lie point
symmetry generators and their classification, similarity reductions and invariant solutions of Eq. (1). Conserved quantities
for Eq. (1) are derived in Section 3.2. In Section 4, a brief conclusion is presented.
2. Fundamental operators
Consider the kth-order system of PDEs
Eσ (x, u, u(1), u(2), . . . , u(k)), σ = 1, . . . ,m (2)
where u = (u1, . . . , un) are the dependent variables, x = (x1, . . . , xn) are independent variables and u(1), u(2), . . . , u(k)
denote first to kth-order partial derivatives with respect to independent variable x.
(i) The equations
DiT i = 0, i = 1, . . . , n
evaluated on the solution space given by (2) are known as the conservation laws for Eq. (2). The vector T = (T 1, . . . , T n) is
a conserved vector with T 1, . . . , T n its components.
(ii) The conserved vectors of the system (2) associated with a partial Noether operator X can be determined from the
formula
T i = Bi − N i(L) i = 1, . . . , n, (3)
where
N i = ξ i +W σ δ
δuσi
+

l≥1
Di1 · · ·Dil(W θ )
δ
δuσii1 i2···il
.
The system (2) in the split form can be expressed as
Eσ = E0σ + E1σ = 0, σ = 1, . . . ,m. (4)
(iii) Suppose L = L(x, u, u(1), u(2), . . . , u(l)) ∈ A (space of differential functions) where l ≤ k, is a differentiable function
such that
δL
δuσ
= f βσ E1β , σ = 1, . . . ,m (5)
f βσ is an invertible matrix.
If E1β = 0 in Eq. (5) then L is said to be a standard Lagrangian and
δL
δuσ
= 0 (6)
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are called the Euler–Lagrange equations. On the other hand, if E1β ≠ 0 for some β then L is said to be a partial Lagrangian [11]
and Eq. (6) are referred as partial Euler–Lagrange equations.
(iv) The Euler operator for each σ is
δ
δuσ
= ∂
∂uσ
+

l≥1
(−1)lDi1 · · ·Dil
∂
∂uσi1 i2···il
, σ = 1, . . . ,m, (7)
where
Di = ∂
∂xi
+ uσi
∂
∂uσ
+ uσij
∂
∂uσj
+ · · · , i = 1, . . . , n, (8)
is known as the total derivative operator. Note that the summation convention over repeated indices is used throughout in
this paper.
(v) The generalized or Lie Bäcklund operator is defined by
X = ξ i ∂
∂xi
+ ησ ∂
∂uσ
+

l≥1
ζ σi1 i2···il
∂
∂uσi1 i2···il
. (9)
In Eq. (9) ζ σi1 i2···il can be determined from the formulae
ζ σi1 = Di(W σ )+ ξ juσij , (10)
ζ θi1 i2···il = Di1 · · ·Dil(W θ )+ ξ juθji1i2···il , l ≥ 1, (11)
whereW σ is known as the Lie characteristic function and can be found from
W σ = ησ − ξ juσj . (12)
(vi) The generalized operator (9) satisfying:
X(L)+ LDi(ξ i) = W σ δL
δuσ
+ Di(Bi) (13)
is known as the partial Noether operator associated with a partial Lagrangian L. In Eq. (13), Bis are known as the gauge terms
andW σ are the characteristic functions given in Eq. (12).
(vii) Suppose X is a Lie–Bäcklund symmetry of the system (2), then X is associated with T i if
X(T i)+ T iDj(ξ j)− T jDj(ξ i) = 0, i = 1, . . . , n, (14)
where T i are the components of conserved vector of system (2).
3. Lie point symmetry generators
In this section, we will apply the standard method for finding infinitesimal generators for Eq. (1).
A vector field:
Y = τ ∂
∂t
+ ξ 1 ∂
∂x
+ ξ 2 ∂
∂y
+ φ ∂
∂u
is a Lie point symmetry generator of Eq. (1) if it satisfies the invariance condition i.e.
Y [2]

utt − uxx
(1+ cos y)2 +

sin y
1+ cos y

uy − uyy

Eq. (1)
= 0, (15)
where Y [2] is the second prolongation. Using Eq. (15), one can get the following over determined system of linear PDEs
τu = 0, ξ 1u = 0, ξ 2u = 0, φuu = 0, (16)
τx sec4
 y
2

− 4ξ 1t = 0, τy − ξ 2t = 0, τt − ξ 2y = 0, (17)
4ξ 1y + ξ 2x sec4
 y
2

= 0, ξ 2 tan
 y
2

+ τt − ξ 1x = 0, (18)
2ξ 2 sec2
 y
2

+ 4(2τt − ξ 2y ) tan
 y
2

− 4ξ 2tt + ξ 2xx sec4
 y
2

+ 4ξ 2yy − 8φyu = 0, (19)
4ξ 1y tan
 y
2

− ξ 1xx sec4
 y
2

+ 4ξ 1tt − 4ξ 1yy + 2φxu sec4
 y
2

= 0, (20)
4φy tan
 y
2

− φxx sec4
 y
2

+ 4φtt − 4φyy = 0, (21)
τxx sec4
 y
2

+ 4τyy − 4τtt − 4τy tan
 y
2

+ 8φtu = 0. (22)
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After some tedious calculations we get
τ = c1, ξ 1 = c3, ξ 2 = 0, φ = c2u+ ψ(t, x, y), (23)
where ψ satisfies Eq. (1).
The Lie point symmetry generators are calculated by choice of constants one by one to unity and rest to zero
Y1 = ∂
∂t
, Y2 = u ∂
∂u
, Y3 = ∂
∂x
, Yψ = ψ(t, x, y) ∂
∂u
, (24)
where ψ satisfies Eq. (1).
If we compare the symmetry generators with the properties of Eq. (1), we find that Y1 is due to invariance of Eq. (1)
with respect to time translation, Y2 is due to the fact that Eq. (1) is invariant from the scaling in u, while Y3 is because of
translationwith respect to x and Yψ is because of the superposition principle. It is important to note here that L = {Y1, Y2, Y3}
is commutative and hence solvable Lie algebra. Such algebras not only reduce calculations but also give good results in
reduction of a PDE.
3.1. Reduction by calculating similarity variables
In this section, a general element £1 = ⟨aY1 + bY2 + cY3⟩ is considered to compute similarity variables and the
corresponding reduced equations (see [13]). To reduce Eq. (1) using an element of this one-dimensional subalgebra there
arise many cases depending on whether any one of these constants is zero. Here we consider all possible cases one by one.
3.1.1. £1 = ⟨aY1 + bY2 + cY3⟩
(I) a = 0, b = 0, c ≠ 0.
For this case, we have the following operator
Y3 = c ∂
∂x
.
This operator has the following characteristic system
dt
0
= dx
c
= dy
0
= du
0
, (25)
which can be separated into the following linear equations
(i)
dt
0
= dx
c
(ii)
dx
c
= dy
0
(iii)
dx
c
= du
0
. (26)
Integrating (26)(i)–(iii), one by one we get the following results respectively
t = C1, y = C2, u = C3,
where C1, C2 and C3 are constants of integration. These invariants lead to define the following coordinate transformations:
ξ1 = t, ξ2 = y, V (ξ1, ξ2) = u. (27)
Substituting Eq. (27) in Eq. (1) we obtain the following reduced PDE for Eq. (1)
Vξ1ξ1 = Vξ2ξ2 −

sin ξ2
1+ cos ξ2

Vξ2 . (28)
Following the same procedure we get a set of transformations and a reduced equation in each case.
(II) a ≠ 0, b = 0, c ≠ 0.
ξ1 = x− cta , ξ2 = y, V (ξ1, ξ2) = u.
In terms of V (ξ1, ξ2), Eq. (1) becomes:
c2Vξ1ξ1
a2
= Vξ1ξ1
(1+ cos ξ2)2 −

sin ξ2
1+ cos ξ2

Vξ2 + Vξ2ξ2 . (29)
(III) a ≠ 0, b ≠ 0, c ≠ 0.
ξ1 = y, ξ2 = x− cta , V (ξ1, ξ2) = ln u−
bt
a
,
u = e bta eV (ξ1,ξ2).
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In the new variables Eq. (1) reduces to the following equation:
c2 Vξ2ξ2 + (c Vξ2 − b)2
a2
= Vξ1ξ1 + (Vξ1)2 +
Vξ2ξ2 + (Vξ2)2
(1+ cos ξ1)2 −

sin ξ1
1+ cos ξ1

Vξ1 . (30)
(IV) a = 0, b ≠ 0, c ≠ 0.
ξ1 = y, ξ2 = t, u = e bxc eV (ξ1,ξ2),
where V (ξ1, ξ2) can be calculated by the following equation
Vξ2ξ2 + (Vξ2)2 =
b2
c2(1+ cos ξ1)2 + (Vξ1)
2 −

sin ξ1
1+ cos ξ1

Vξ1 + Vξ1ξ1 . (31)
(V) a ≠ 0, b ≠ 0, c = 0.
ξ1 = x, ξ2 = y, V (ξ1, ξ2) = ln u− bta .
Following routine calculation, we get:
b2
a2
= Vξ1ξ1 + (Vξ1)
2
(1+ cos ξ2)2 + (Vξ2)
2 + Vξ2ξ2 −

sin ξ2
1+ cos ξ2

Vξ2 . (32)
(VI) a ≠ 0, b = 0, c = 0.
ξ1 = x, ξ2 = y, u = V (ξ1, ξ2).
Similarly, we have:
Vξ1ξ1
(1+ cos ξ2)2 + Vξ2ξ2 −

sin ξ2
1+ cos ξ2

Vξ2 = 0. (33)
It is important to mention here that one-dimensional algebra reduces the dimension of Eq. (1) by one. It is worth
mentioning that these equations cannot be obtained without doing reduction via similarity variables. Next we will use
some two- or three-dimensional algebras which convert Eq. (1) into an ODE.
3.1.2. £2 = ⟨aY1 + bY2, Y3⟩
(I) a ≠ 0, b = 0.
For this case, we have the two-dimensional algebra ⟨aY1, Y3⟩.
For aY1 = a ∂∂t , we get:
dt
a
= dx
0
= dy
0
= du
0
. (34)
Similarly for the second operator Y3 = ∂∂x ,we obtain the following characteristic system
dt
0
= dx
1
= dy
0
= du
0
. (35)
Eqs. (34)–(35) lead to the common invariants:
ξ = y, V (ξ) = u.
These define a set of new variables which reduce Eq. (1) into:
Vξξ −

sin ξ
1+ cos ξ

Vξ = 0. (36)
Eq. (36) is a second order linear ordinary differential equation. The general solution of Eq. (36) is:
u = V (ξ) = c1 + 2c2 tan

ξ
2

,
where c1 and c2 are real constants.
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(II) a ≠ 0, b ≠ 0.
In this case, we get:
u = ew+ ba t , r = y,
wherew satisfies the following ODE
b2
a2
=

dw
dr
2
+ d
2w
dr2
−

sin r
1+ cos r

dw
dr
, (37)
which is a second order nonlinear ODE. Taking dwdr = z in Eq. (37) results in
b2
a2
= dz
dr
+ (z)2 − z sin r
1+ cos r , (38)
which has a solution:
z = 1
2
tan
 r
2

−

1
2

1− 4b
2
a2

tan

1
2

1− 4b
2
a2
r − c1

.
After substituting z back in dwdr = z we have
w = c2 + 12

−2 ln

cos
 r
2

− 2 ln

cos

c1 − 12

1− 4b
2
a2
r

.
3.1.3. £3 = ⟨Y1, Y2, Y3⟩
It leads to same solution as obtained in 3.1.2(I).
3.2. Conserved quantities for wave equation on torus
In this section, using the partial Noether approach [11] conserved quantities will be obtained. A partial Lagrangian for
Eq. (1) is
L = u
2
x
2(1+ cos y)2 +
u2y
2
− u
2
t
2
. (39)
Using (7) and (39) we get
δL
δu
= −

sin y
1+ cos y

uy, (40)
where Eq. (40), δ/δu is the Euler operator defined in Eq. (7).
If
X = τ ∂
∂t
+ ξ 1 ∂
∂x
+ ξ 2 ∂
∂y
+ η ∂
∂u
is the infinitesimal operator. Using Eq. (13) and separation with respect to the derivatives of u results in
τu = 0, ξ 1u = 0, ξ 2u = 0, (41)
ξ 1t −
τx
(1+ cos y)2 = 0, (42)
ξ 2t − τy − τ

sin y
1+ cos y

= 0, (43)
ηu + τt2 +
ξ 1x
2
+ ξ
2
y
2
= τt , (44)
ηu + τt2 +
ξ 1x
2
+ ξ
2
y
2
= ξ 1x −

sin y
1+ cos y

ξ 2, (45)
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ηu + τt2 +
ξ 1x
2
+ ξ
2
y
2
= ξ 2y +

sin y
1+ cos y

ξ 2, (46)

sin y
1+ cos y

ξ 1 + ξ 1y +
ξ 2x
(1+ cos y)2 = 0, (47)
B1 = −ηtu+ α(t, x, y), (48)
B2 =

ηx
(1+ cos y)2

u+ β(t, x, y), (49)
B3 =

ηy + η

sin y
1+ cos y

u+ γ (t, x, y), (50)
B1t + B2x + B3y = 0. (51)
The substitution of Eqs. (48)–(50) in Eq. (51) and some lengthy manipulations yields
ηtt = ηxx
(1+ cos y)2 + ηyy +

sin y
1+ cos y

ηy + η1+ cos y . (52)
αt + βx + γy = 0. (53)
3.3. Conservation laws for wave equation on torus
Solving Eqs. (41)–(47) we get
τ = a1(1+ cos y)
2
, ξ 1 = a2(1+ cos y)
2
, ξ 2 = 0, η = η(t, x, y),
where η is a solution of Eq. (52).
(I) Taking a1 = 1 and a2 = 0 = η, we get the following conserved vectors for Eq. (1):
T 11 = −
(1+ cos y)
4

u2t + u2y +
u2x
(1+ cos y)2

,
T 21 =
utux
2(1+ cos y) , (54)
T 31 =
(1+ cos y)
2
utuy.
(II) For a2 = 1 and a1 = 0 = η, the conserved quantities for Eq. (1) are:
T 12 = −
(1+ cos y)
2
uxut ,
T 22 =
(1+ cos y)
4

u2t − u2y

+ u
2
x
4(1+ cos y) , (55)
T 32 =
(1+ cos y)
2
uxuy.
(III) Finally substituting a2 = 0 = a1 and η ≠ 0 yield the following infinite conservation laws:
T 1η = ηut − ηtu,
T 2η =
−1
(1+ cos y)2 (ηux − ηxu), (56)
T 3η =

sin y
1+ cos y

η + ηy

u− ηuy,
where η satisfies Eq. (52).
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3.3.1. Translational symmetry generators associated with the conservation laws
In this section, we will associate algebras formed by translational symmetry generators with infinite conserved vector
(56), by using the symmetry conservation laws relation (see [11]).
(I) Associated components of conserved vector with the translational symmetry ⟨Y1⟩ are given below
T 1θ = θut ,
T 2θ =
−1
(1+ cos y)2 (θux − θxu), (57)
T 3θ =

sin y
1+ cos y

θ + θy

u− θuy,
where θ satisfies:
θxx
(1+ cos y)2 + θyy +

sin y
1+ cos y

θy + θ1+ cos y = 0, θt = 0.
(II) For the translational symmetry ⟨Y3⟩we obtain the components of conserved vectors which satisfy the relation (14)
T 1θ = θut − θtu,
T 2θ =
−1
(1+ cos y)2 θux,
T 3θ =

sin y
1+ cos y

θ + θy

u− θuy,
where θ satisfies
θtt = θyy +

sin y
1+ cos y

θy +

θ
1+ cos y

, θx = 0.
(III) Two-dimensional algebra ⟨Y1, Y3⟩ reduces Eq. (52) into ODE. Hence the associated components of conserved vectors
for this case are
T 1θ = θut ,
T 2θ =
−1
(1+ cos y)2 θux,
T 3θ =

sin y
1+ cos y

θ + θy

u− θuy,
where θ is
θ = cos
 y
2
 
d cos
 y
2

+ 2c sin
 y
2

,
in which c and d are real constants.
4. Conclusion
In this work we have obtained the symmetry algebra for wave equation on torus. The elements of the algebra were then
used to find similarity variables. The two- and three-dimensional subalgebraswere also discussed. These algebraswere used
to reduce the wave equation to ODEs. These ODEs were then solved analytically.
In addition, the partial Noether operators and components of conserved vectors for wave equation on torus were
computed by using the partial Noether approach. Then these results were used to derive the conservation laws. Moreover,
we have used the relationship between symmetries and conservation laws given in Eq. (14), for which the conserved vectors
and PDE with unknown parameters become simpler. One- and two-dimensional algebras of translational symmetries have
been studied simultaneously.
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